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This paper reports a comprehensive modeling and experimental characterization of a bridge shaped
nonlinear energy harvester. A doubly clamped beam at large deflection requires stretching strain in
addition to the bending strain to be geometrically compatible, which stiffens the beam as the beam
deflects and transforms the dynamics to a nonlinear regime. The Duffing mode non-linear
resonance widens the frequency bandwidth significantly at higher frequencies than the linear reso-
nant frequency. The modeling includes a nonlinear measure of strain coupled with piezoelectric
constitutive equations which end up in nonlinear coupling terms in the equations of motion. The
main result supports that the power generation is bounded by the mechanical damping for both lin-
ear and nonlinear harvesters. Modeling also shows the power generation is over a wider bandwidth
in the nonlinear case. A prototype is manufactured and tested to measure the power generation at
different load resistances and acceleration amplitudes. The prototype shows a nonlinear behavior
with well-matched experimental data to the modeling.VC 2014 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4902116]
Due to intrinsic limitations of linear resonance-based
energy harvesters in converting vibration to electrical energy
such as high resonant frequencies and small bandwidths,1
many researchers focused their attention to nonlinear reso-
nant mechanisms with the aim to increase the overall per-
formance of such devices. Two major nonlinear mechanisms
have been proposed: bistable beams2 and monostable hard-
ening/softening structures.3,4 In this paper, we focus on non-
linear monostable hardening structures where stretching
strains are induced in a doubly clamped bridge-shaped piezo-
electric beam with a concentrated mass in the middle. The
doubly clamped beam at large deflection requires stretching
strain in addition to the bending strain to be geometrically
compatible, which stiffens the beam as the beam deflects,
transforms the dynamics to the nonlinear regime, and results
in a hardening Duffing oscillator. Hajati and Kim5 have
shown the effectiveness of a micro-machined Ultrawide
bandwidth energy harvester (UWBEH) with a high power
density and a very wide bandwidth. The results provided by
that work was modeled with simple nonlinear lumped sys-
tem. Gafforelli et al. recently proposed a first complete theo-
retical modeling of the hardening mechanism.6 A detailed
modeling accounting for the actual piezoelectric contribution
to the oscillator has been developed. The sectional behavior
of the bridge-beam has been studied through the Classical
Lamination Theory (CLT) specifically modified to introduce
the piezoelectric coupling and nonlinear Green-Lagrange
strain tensor. A final lumped parameter model has been built
through Rayleigh-Ritz method resulting in coupled motion
equations, which include additional non-common terms orig-
inating from a correct analysis of piezoelectrics coupling in
nonlinear strain context. The motion equations can be
obtained using Euler Lagrange approach
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¼ 0; (1)
where K; E; W, and D are the kinetic and internal energy,
the external work, and the dissipation function; qi represents
the variables of the system: the vertical displacement of the
mass (w) and the voltage across piezoelectric electrodes (v).
The computation of Eq. (1) leads to the equation of motions
(see Ref. Gafforelli et al.6)
m€w þ cM _w þ kLwþ kNw3 þHNvw ¼ m€yext
C0v 1=2HNw2 ¼ q and _q ¼ R1v:
(2)
In Eq. (2), m is the total mass, cM is the mechanical damping
coefficient, kL and kN are the linear, which includes bending
and residual stresses, and nonlinear stiffnesses, HN is the
global piezoelectric coupling coefficient, C0 is the total
capacitance, and R is the equivalent load resistance of the
circuitry required for the power management.
Nonlinear piezoelectric coupling terms are obtained in
Eq. (2) because the internal energy of the beam includes a
coupled energy ðEMEÞ which is nonlinear since the piezoelec-
tric stress (proportional to the voltage) multiplies the Green-
Lagrangian strain (quadratic to the displacement)
EME ¼ 1=2HNvw2: (3)
Thus, in applying Euler-Lagrange equations when perform-
ing the derivation of E with respect to w and v, the computa-
tion ends up in nonlinear coupling terms.
Eq. (2) is studied through Harmonic Balance Method
(HBM) in order to highlight the influence of piezoelectrica)Electronic mail: giacomo.gafforelli@polimi.it
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coupling on both stiffness and damping; oscillation ampli-
tude, voltage, and power responses have been computed in
the mechanical and electrical frequency domain. The contri-
bution of an external load resistance to the harvester per-
formance has been discussed showing that the injected
electrical damping cE (Eq. (4)) depends on the amplitude of
the displacement and on the value of load resistance. It also
has a maximum for a specific value defined by system
parameters
cE ¼ x0m
j2gvXE
4 4X2M þ X2E
  Y2; (4)
where Y¼W/W0 is the oscillation amplitude normalized
with respect to the linear static displacement W0 ¼ m
j€yextj=kL and jgv ¼ W0HN=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kLC0
p
is the effective nonlinear
piezoelectric coupling coefficient. The model shows that the
power generation envelope has two peaks that occur when the
induced electrical damping matches the mechanical damping
of the system as it happens for linear resonant harvesters
(Figure 1). Thus, similar to linear resonators, the maximum
power of the nonlinear harvester is bounded by the mechani-
cal damping. However, it has a much wider bandwidth.
A mesoscale harvester has been fabricated to perform an
experimental validation of the modeling (Figure 2). The de-
vice is composed of a structural support, a bridge-shaped pie-
zoelectric beam, and a lead concentrated mass. The beam
consists of a 0.3mm thick Macro Fiber Composite piezoelec-
tric patch (MFC M8514-P1) glued on a 0.06mm thick alumi-
num layer with an epossidic glue. Such a thickness of the
aluminum layer has been chosen in order to reduce the bend-
ing strain and widen the nonlinear regime of the beam.
Moreover, the amount of active material is much more than
the non-active resulting in higher piezoelectric coupling. The
beam has been clamped to the support structure through
pressure and friction and the lead tip mass has been glued at
the center of the beam. Small aluminum plates have been
interposed between the beam and the support and between
the beam and the clamps to avoid cracks. The clamping is real-
ized such that any pre-shape is avoided, e.g., arc shape or tilted
shape, in order to prevent unstable phenomena that can affect
the pure hardening behavior. The whole system has been
excited by a Labworks electromagnetic shaker type ET126B-
1, which is controlled by Prema ARB 1000 signal generator
controlled in a built-up close loop system that controls the
acceleration and the frequency of the shaker through an accel-
erometer. The MFC patch has been connected to an external
variable resistance and the voltage signal has been fed into a
FFT analyzer. The beam of the final prototype has an overall
length of 76.2mm (3 in.), which includes a central concen-
trated mass of 16.5 g that occupies 10mm. The width of the
beam is 20mm which is the width of the MFC (the active pie-
zoelectrics is only 14mm). The aluminum layer width and
thickness has been chosen to assure torsional stiffness and to
avoid tilting induced by non-perfect symmetry of the mass or
other uncertainties such as non-alignment of the beam. This
has been also obtained using lead as material for the concen-
trated mass, thus assuring the necessary high weight in order to
induce strong non-linearity, in a compact volume. First,
we have characterized the MFC patch. It consists of rectangu-
lar piezoelectric fibers sandwiched between interdigitated
electrodes and polyimide films. The measured total capaci-
tance was 4 nF, while the piezoelectric strain coefficients were:
d31¼90.63 pm/V and d33¼ 206.44 pm/V. These values
which refer to the whole patch are lower than the one reported
in the MFC datasheet (www.smart-material.com), but is not
clear if the online data refer to the sole piezoelectric fibers or
to the whole MFC. The prototype has been tested in open cir-
cuit in order to estimate the overall mechanical quality factor
QM¼x0m/cM. Different values of input acceleration (0.3 g,
0.4 g, and 0.5 g) have been used and fitted using QM as fitting
parameter. First, as it can be seen from Figure 3, the model
qualitatively and quantitatively reproduces the experimental
measurements for estimated quality factor in the range of
10–11. The value of QM is low compared to other systems in
the literature and is basically due to energy loss in the end
clamps, damping in the epoxy and polymer layers of the MFC,
and also due to the bonding to the aluminum layer. The second
observation is that the model matches the measurements only
in the resonance regime, while at low and high frequencies the
voltage data are significantly higher than the experimental
ones. To explain this, one should notice that the measured volt-
age signal in the resonance regime has double the frequency
than the excitation while this is not happening when the oscil-
lation amplitude is lower and the input and output frequency
FIG. 1. Normalized electrical damping and power generation vs. dimensionless
excitation frequency, XM ¼ xx10 and cut-off frequency, XE ¼ ðRC0x0Þ1.
Where x is the excitation frequency and x0 is the resonance frequency. The
peak power generation is obtained when electrical and mechanical damping
matches.
FIG. 2. Mesoscale prototype of the double-clamped piezoelectric beam.
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perfectly match (Figure 4). As the stretching mode has double
frequency than the bending one, it is clear that the low ampli-
tude signal originates from bending strain while at high ampli-
tudes, where the nonlinear strain dominates, the voltage is
generated by the stretching. However, for symmetry reasons
the global voltage due to bending should be null. The model
accounts for perfect geometry, thus, the bending coupling is
completely neglected. On the other hand, the real device geom-
etry is far from being perfect and a residual asymmetry per-
sists. For this reason, when bending dominates over stretching
the device imperfections are more evident and the model fails
in depicting the experimental data. Once calibrated, the model
has been used to predict the response of the prototype coupled
to external resistive loads, the tests have been performed for
0.3, 0.4, and 0.5 g input acceleration and good accordance
between measurements and predictions (employing
QM¼ 10.3) has been obtained. Figure 5 collects the resulting
power generation in case of 0.5 g acceleration. As it can be
seen from Figure 5, the value of jump-down frequency, which
roughly speaking is the frequency where the oscillation ampli-
tude is at maximum, is slightly modified by the load resistance.
This phenomenon had been already introduced by Ref. 7 for
linear harvesters and had been extended to nonlinear systems
by Ref. 6. The coupling with piezoelectrics connected to a
resistive load acts as an additional stiffness (thus modifying
the resonance frequency and distinguishing between open and
short circuit responses) and clearly as a source of damping. By
tuning the external resistance one can control the electrical
FIG. 3. Open circuit response at 0.3 g (a), 0.4 g (b), and 0.5 g (c) input accelerations. Experimental measured data (solid line) are fitted with the modeling for
mechanical quality factor equal to 10 (dot) and 11 (triangle).
FIG. 4. At low oscillation amplitudes, the input and output voltage have the
same frequency because bending mode is activated, while at high oscillation
amplitudes, stretching mode is activated and the output signal has double
frequency than the input.
 
FIG. 5. Comparison of theoretical (triangle) and measured (solid line) power
generation at 0.5 g acceleration and load resistance equal to (a) 0.1 MX, (b)
0.2 MX, (c) 0.3 MX, (d) 0.5 MX, (e) 0.7 MX, (f) 1.0 MX, (g) 2.1 MX, and
(h) summary of experimental data.
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damping injected in the system and since the jump-down fre-
quency strongly depends on the damping8 the bandwidth of
the response is modified. Moreover, load resistance and electri-
cal damping does not depend linearly, indeed while moving
from high towards low resistances the jump-down frequency
first reduces and then increases. There exists a value of load re-
sistance, where the injected damping is maximum depending
on materials and geometrical parameters. Consequently, it can-
not be arbitrarily increased. In the studied case, the mechanical
damping is much higher than the electrically induced one and
the jump-down variation is little emphasized. This observation
is extremely important in order to understand the role played
by the mechanical damping in nonlinear monostable energy
harvesters. Low mechanical damping is required not only to
maximize the output but also to exploit the maximum band-
width amplification. However, the electrical damping should
not be augmented indefinitely but should be controlled in order
to avoid the jump down phenomenon such that the oscillation
amplitude will always stay in the high energy branch (resonant
branch) of the frequency response. Accordingly to this, the the-
oretical performances of the prototype are reported in Figure 6
for different values of mechanical quality factor. In particular,
the bandwidth can be increased from 7Hz up to 400Hz and
the power generation from barely 0.2 mW up to 150 mW.
In summary, this paper has proposed an experimental
validation of a theoretical model of a bridge-shaped nonlin-
ear vibration energy harvester. The model includes nonlin-
ear coupling terms with piezoelectrics, and it shows good
accordance with experimental data for different load resis-
tances and acceleration inputs. Further experiments should
be performed with low damping in order to demonstrate the
real potentiality of the prototype in terms of increased fre-
quency bandwidth and power generation. In particular,
future tests will be focused on showing that the maximum
power is obtained when the electrical induced damping
matches the mechanical damping as predicted by the
modeling.
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